Abstract-A new flexible subgridding scheme for the Finite Integration Technique is presented, which can be applied for the numerical simulation of electromagnetic phenomena in static, time and frequency domains as well as for the eigenmode computation. Numerical simulations both in the static as well as in the high frequency regime are presented to give evidence of the improved efficiency of the scheme and its long term stability in time domain simulations.
I. INTRODUCTION
T HE Finite Integration Technique (FIT), first proposed by Weiland in 1977 [1] , [2] , is a consistent geometric discretization method turning the Maxwell's equations into a set of algebraic matrix equations, the so-called Maxwell-GridEquations (MGE). It has been used for numerical simulations of electromagnetic fields in static, time and frequency domains as well as for the eigenmode computation. Using tensor product type grids especially for efficiency reasons, the Finite Integration Technique allows to achieve computationally fast implementations of numerical schemes that can be applied to simulate electromagnetic phenomena even for very complex structures in three dimensions. Here, in most cases merely the workstation performance and the available memory core size impose the limiting factors for the accuracy of the numerical simulations. In many cases the usage of locally refined meshes may be expected to save available computer resources, and such local refinement techniques are also a prerequisite for the implementation of error controlled schemes to feature efficient spatial adaptivity. For example, re-entrant corners and edges inside the material distribution, thin wires and layers as well as material properties with large permittivities and permeabilities require fine mesh structures to obtain sufficient accuracy for the numerical solutions.
A global mesh refinement, i.e., the mere addition of grid lines in tensor-product meshes, may be suitable if the additional computational cost of the degrees of freedom added to regions, were such coarser mesh resolution still might be sufficient, is yet acceptable and still competitive to those arising form the higher computational complexity of datastructures of local-mesh refinement schemes. large-scale simulations, especially those of three-dimensional problems, however, such an approach will commonly result in an unnecessary increase in the number of degrees of freedom of the problem which can only be avoided with local grid refinement techniques, and in some cases it may be the only way to handle very complex problems at all [4] . The first consistent local subgridding scheme for the Finite Integration Technique was proposed in combination with an explicit Yee-type leap frog time integration scheme in [5] . This technique was also constructed to avoid long time instabilities, but is limited in its applicability to rectangularly embedded subgridding domains. In this paper we introduce a new consistent subgridding method [3] , which allows for an increased flexibility of mesh configurations with local refinement within orthogonal tensor grids. In comparison with other approaches for local mesh refinement published e.g. in [7] , [8] , [9] , [10] , [11] , the flexible subgridding scheme for the Finite Integration Technique makes no additional demands on electromagnetic characteristics of the material distribution at all, it preserves the algebraic properties of the Maxwell-Grid-Equations and allows to locally refine any connected areas of the calculation volume.
II. FINITE INTEGRATION TECHNIQUE
The Finite Integration Technique transforms the Maxwell's Equations in their integral form restricted on a dual grid system into a set of equivalent matrix equations, the so-called Maxwell-Grid-Equations (MGE),
for the discrete electric and magnetic voltages , and fluxes , , which are the integrated electromagnetic variables of state and located in a dual grid system (Fig. 1) . The constitutive material equations, here considered without permanent electric or magnetic polarizations, are given by
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and defined by the material distribution, discretized in the dual grid system.
It can be shown, that the curl and source incidence matrices , , Ë and Ë fulfill the following algebraic conditions Ë
which are necessary to retain physical properties like reciprocity, consistency, divergence and energy conservation even in the discrete setting [6] . The dualism of the discrete Maxwell's Equations (10) has to be guaranteed, if the numerical systems are supposed to have numerically stable solutions.
III. FLEXIBLE SUBGRIDDING SCHEME
The flexible subgridding scheme is based on the introduction of a transfer region between the coarse basegrid and a finer subgrid region (Fig. 2) , where the discrete electric and magnetic voltages and fluxes, located in the basegrid, are coupled with the equivalent components, located in the subgrid.
Within the transfer region common to the grid and the subgrid, the voltages and fluxes in both regions which are not allocated in this interface grid region, but which are necessary for the numerical integration of the Maxwell's Equation, must be interpolated with the corresponding allocated components.
The gist of the flexible subgridding scheme is that this interpolation is chosen to maintain a flux conservation property, i.e., it follows the same motivation as the Finite Integration Technique being a geometric discretization method.
Thus, in the following only the interface situation between a dual basegrid and a primary subgrid is on closer examination. Naturally, the dual interface situation between a primary basegrid and a dual subgrid is possible too, and the introduced theory can be applied analogously.
A consistent interpolation scheme for all the electric and magnetic field components within the transfer region can be found by an area weighted interpolation scheme of the electric basegrid fluxes d, allocated vertical to the subgrid-surface (Fig. 3) .
The unknown subgrid fluxes £ are then determined by an interpolation matrix Á by
which describes the interpolation of the basegrid fluxes over the surface of the subgrid region. The interpolation coefficients given in Fig. 3 for the special case, that the interface areas are all of same size, define the entries of the matrix Á and its specific sparsity pattern. These coefficients are to be determined by the principle of an area weighted interpolation which follows a physically motivated flux conservation property and thus allows to unambiguously derive the interpolations for all of the electric and magnetic field components. This is also possible, when the magnetic subgrid voltage is interpolated first. An argument against this specific approach is, however, that the interpolation of the missing electric basegrid voltages or the magnetic basegrid fluxes within the transfer region is neither unambiguous nor is it always physically motivated.
The discrete source equation of the electric field can now be rewritten with (11) e.g. for simple fine-/coarse-grid interface configuration to yield
with the interpolation matrices Á and the subgrid components are denoted with a prime sign ¼ . To determine the interpolation schemes for the other electric and magnetic field components there are two possible alternatives. One alternative is to determine a length weighted interpolation scheme for the magnetic voltages next. In this case, it must be guaranteed that both interpolation schemes use corresponding interpolation coefficients. The proof of this is complicated and troublesome to write down [3] .
On the other hand, the interpolation coefficients of the dielectric fluxes correspond in an implicit way to the extension of the definition of the interpolation scheme for the electric basegrid potential, such that for the discrete gradient operator Ë Ì holds. Thus, the interpolation scheme for the electric potential reads 3 and results in a basegrid-potential
interpolated by the related subgrid-potentials (Fig. 4) . Thus, the interpolation scheme for the electric basegrid potential as well as for the electric basegrid-voltage is defined by the gradient operator
and the distribution of the length weighted interpolation components
is shown in Fig. 5 . Proceeding with this approach, the interpolation schemes for all electric and magnetic voltages and fluxes can be consistently determined by the flexible subgridding scheme, which extends the discrete Maxwell-Grid Equations only with interpolation matrices Á , Á , Á and Á .
Thus, the matrix formulations of the Finite Integration Technique can be rewritten e.g. for a simple fine-/coarse-grid interface configuration to yield
where the subgrid components are denoted with a prime sign ¼ .
For the discretization of the material equations with the Finite Integration Technique given in (5), (6) and (7) it must only be noted, that the edges and areas of the dual grid system are divided in two halves within the transfer region between the fine grids and the coarse grids.
This flexible subgridding scheme developed for the Finite Integration Technique makes no demands on the complexity and the electromagnetic characteristics of the material distributions, it implicitly preserves the algebraic properties of the discrete Maxwell's equations and allows to locally refine any connected areas of the calculation volume.
A major problem of subgridding schemes derived for Yeetype leapfrog algorithms is typically the occurrence of late time instabilities due to a lack of spatial stability. Since the resulting curlcurl equation of the new subgrid formulation can be shown to be real-valued and symmetric, a sufficient condition for the spatial stability of the scheme is found [6] .
IV. NUMERICAL RESULTS
The flexible subgridding scheme for the FIT is illustrated for two examples of electrostatic field computations and one eigenmode calculation for a longitudally homogeneous cylindric waveguide as well as for a coaxial waveguide will be shown. The consistency and stability of the method is only demonstrated for 2 examples but carries over to more complex 3D models as well.
The flexible subgridding scheme is first applied to an electrostatic plate condensator model with an re-entrant corner field singularity. The two-dimensional models in Fig. 6 show a coarse orthogonal tensor grid mesh with a locally refined part at the re-entrant corner. The computational work to reach the same relative error threshold of the solution process with a preconditioned Conjugate Gradient solver for both discretizations is given in Table  I . The relative error is here related to a reference calculation with 36703 nodes. to reach the same relative error threshold of the solution process for both discretizations is listed in Table I , where the relative error is related to a reference calculation with 76477 nodes. The geometric flexibility of the scheme is shown in Fig. 8 with an irregular subgrid-interface discretization for a circular coaxial waveguide compared to an optimized, almost shape conformal grid in an equidistant Cartesian discretization. The calculation of the TE ½½ -eigenmode, which is the first non-TEM-mode in the coaxial waveguide, with the flexible subgridding scheme in Fig. 8a ) reaches a better accuracy for the cutoff-frequency (½ ¾ ±) when compared to the nonequidistant grid ( ½ ¿±) in Fig. 8 b) , which is optimized for the circular shaped waveguide.
The test example in Fig. 9 shows a long time integration process using a Yee-type leapfrog time integration scheme [2] for a waveguide with circular cross-shape. This numerical experiment demonstrates the long term stability of the explicit leapfrog scheme based on the curl equation (17) and (18).
The numerical calculation with the leapfrog time integration remains stable in time even for one million time steps. V. CONCLUSION In this paper the new consistent flexible subgridding scheme [3] was introduced, which allows a flexible local grid refinement with orthogonal grids in the context of the Finite Integration Technique for the numerical calculation of electromagnetic fields. The new method acts independently of the material distribution at all and allows to refine locally any connected areas of the calculation volume, while maintaining the algebraic properties of the Maxwell-Grid-Equations of the FIT. For this reasons, the flexible subgridding scheme can be applied for the numerical simulation of static, time harmonic and transient electromagnetic phenomena. In several numerical simulations the versatility and efficiency of the new grid refinement scheme both in the static as well as in the high frequency regime was illustrated as well as its long term stability in explicit leapfrog time domain simulations.
